In this paper, by using the orthogonally fixed point method, we prove the Hyers-Ulam stability and the hyperstability of orthogonally 3-Lie homomorphisms for additive ρ-functional equation in 3-Lie algebras. Indeed, we investigate the Hyers-Ulam stability and the hyperstability of the system of functional equations  
Introduction
The stability problem of functional equations originated from a question of Ulam [1] concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers' Theorem was generalized by Th. M. Rassias [3] for linear mappings by considering an unbounded Cauchy difference. A generalization of the Rassias' Theorem was obtained by Gȃvruta [4] by replacing the unbounded Cauchy difference by a general control function in the spirit of Rassias' approach. In 1996, G. Isac and Th. M. Rassias [5] were the first to provide applications of stability theory of functional equations for the proof of new fixed point theorems with applications. The stability problems of several functional equations have been extensively investigated by a number of authors (see [6, 7, 8, 9, 10, 11, 12, 13, 14] ). There are several orthogonality notions on a real normed space such as Birkhoff-James, Boussouis, (semi-)inner product, Singer, Carlsson, unitary-Boussouis, Roberts, Pythagorean and Diminnie (see, [15, 16] ). But here, we present the introduced orthogonally sets and some corresponding concepts by Eshaghi Gordji et al. in [17] . Recently , several authors worked on orthogonally fixed point(see [19, 20, 21] ).
Eshaghi Gordji et al. in [17] introduced orthogonal sets and some corresponding concepts. Definition 1.1. (i) : Let X = ∅ and ⊥ ⊆ X × X be a binary relation. If ⊥ satisfies the following condition ∃x 0 ; (∀y; y⊥x 0 ) or (∀y; x 0 ⊥y), it is called an orthogonal set (briefly O-set). We denote this O-set by (X, ⊥).
Obviously, every continuous mapping is ⊥−continuous. (iv) : Similarly, a Cauchy sequence {x n } in X is said to be a cauchy orthogonally sequence ( briefly, cauchy O-sequence) if ∀n ∈ A, x n ⊥x n+1 or x n+1 ⊥x n . An orthogonal space (X, ⊥, d) is orthogonally complete (briefly O-complete) if every Cauchy O-sequence is convergent.
It is easy to see that every complete metric space is O-complete and the converse is not true.
(v) : Let (X, ⊥, d) be an orthogonally metric space and 0 < λ < 1. A mapping f : X → X is said to be orthogonality contraction with Lipschitz constant λ if
Remember that a Lie algebra is a Banach algebra endowed with the Lie product
Similarly, a 3-Lie algebra is a Banach algebra endowed with the product
for all x, y, z ∈ A. Recently, Eshaghi Gordji et al. in [17] proved a fixed point theorem in O-sets as follows:
Let (X, d, ⊥) be an O-complete generalized metric space. Let T : X → X be a ⊥-preserving, ⊥-continuous and ⊥-λ-contraction. Let x 0 ∈ X satisfy for all y ∈ X, x 0 ⊥ y or for all y ∈ X, y ⊥ x 0 , and consider the "O-sequence of successive approximations. with initial element x 0 ":
Main results
Throughout this Section, assume that A and B are two orthogonally 3-Lie algebras and let ρ be a fixed real number with ρ = 1 and for simplicity, denote
for all x, y ∈ X, then f : X → Y is additive.
In the following theorem, we prove the Hyers-Ulam stability of orthogonally 3-Lie homomorphism in orthogonally 3-Lie algebras. for all x, y ∈ V ⊥ . If there exists a constant 0 < L < 1 such that
for all x, y, a, b, c ∈ V ⊥ , then there exists a unique orthogonally 3-Lie homomorphism
Proof. It follows from (2.6) It is easy to show (Λ, d, ⊥) is an O-complete generalized metric space. Now, consider the mapping T : Λ → Λ defined by
Clearly, T is ⊥-preserving. As result for all g, h ∈ Λ with g⊥h and
d(T g, T h) ≤ Lk.
Hence we see that, d(T g, T h) ≤ Ld(g, h)
for all g, h ∈ Λ, that is, T is a strictly ⊥-contractive self mapping of Λ with the Lipschitz constant L. The function T is ⊥-continuous. In fact, if {g n } is an O-sequence in Λ which converges to g ∈ Λ, then for given ε > 0, there exists k > 0 with k < ε and n ∈ N such that
for all x ∈ A and n ∈ N. By Theorem 1.3, there exists a mapping ℑ : A → B satisfying the following: 1) ℑ is a fixed point of T, i.e.
The mapping ℑ is a unique fixed point of T in set Ω = {g ∈ Λ : d(f, g) < ∞}. ℑ is a unique mapping satisfying (2.10) such that there exists a k ∈ (o, ∞) satisfying
2) d(T n f, ℑ) → 0 as n → ∞. By Theorem 1.3 there exists a fixed point ℑ of T such that
On the other hand, it follows from (2.4), (2.6) and (2.9) that
So ∆ ρ ℑ(x, y) = 0 for all x, y ∈ V ⊥ . By lemma 2.1 and [[23],Theorem 2.2] ∆ ρ ℑ(x, y) is unique additive. By the result in [22] , ℑ is an orthogonal mapping and so it follows from the definition of ℑ, (2.5), (2.7) and (2.9) that we have
This completes the proof. and
for all x, y, a, b, c ∈ V ⊥ . Then there exists a unique 3-Lie homomorphism ℑ :
and
for all x ∈ A.
Proof. The proof follows from Theorem 2. Now, we will prove the hyperstability of orthogonally 3-Lie homomorphism in 3-Lie algebras in the following Theorem. for all y, a, b, c ∈ V ⊥ . But ϕ(0, 0, 0, 0, 0) = 0, so by (2.16), f (x) = 1 2 f (2x) and then for n ∈ N and x ∈ A we get f (x) = 1 2 n f (2 n x). for all x, y, a, b, c ∈ V ⊥ . Then f is an orthogonally 3-Lie homomorphism.
